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I. I NTRODUCTION
Source separation models that make use of non-negativity in their parameters have been increasingly popular
in the last few years, spawning a significant number of publications on the topic. Although these techniques are
conceptually similar to other matrix decompositions, they are surprisingly more effective in extracting perceptually
meaningful sources from complex mixtures. In this paper we will examine the various methodologies and extensions
that make up this family of approaches and present them under a unified framework. We will begin with a short
description of the basic concepts and in the subsequent sections we will delve in more details and explore some
of the latest extensions.
A. Using non-negative factorization models for separation
The basic model we will use to get started is a bilinear factorization of a non-negative input V into two nonnegative matrices W and H, i.e. V ≈ WH, where both of the two factor matrices can be of lower rank than
V. This is known as the Non-negative Matrix Factorization (NMF) [1] model and it is conceptually similar to

other well known matrix factorizations such as Principal Component Analysis, Independent Component Analysis,
sparse linear models, or even Vector Quantization, which can all be expressed using the same equation [2]. What
makes this model particularly interesting is the constraint that the matrices V, W, and H are all non-negative. This
constraint ensures that the vectors making up the two factor matrices W and H can be interpreted as constructive
building blocks of the input. Such an interpretation often does not apply to decompositions that employ negativevalued entries; in such decompositions, the elements of W and H can cancel each other out, obscuring the latent
components’ perceptual meaningfulness [1]. When NMF is applied to data that was generated by mixing a number
of non-negative sources, the components NMF discovers often correspond remarkably well to those sources, and
the decomposition is able to separate out the contributions of each source to the data. Since NMF can operate
even without any prior information about the nature of the sources in the data, it is particularly well suited to
unsupervised or blind source separation problems. Some examples of interpretable components discovered by NMF
are presented in figure 1. Sometimes it is more natural to represent complex sources using a linear combination of
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Fig. 1. Extracted NMF components from various domains. a) Analysis of handwritten digit data results in parts of penstrokes, b) Analysis
of chemometric data results in the spectral profiles of the three constituent components (oxylene, napthalene, dibenzothiophene), c) Analysis
of music spectrograms results in spectra of musical notes.

multiple latent components that collectively make up source dictionaries. In this case we need one more level of
hierarchy to group these components in terms of sources. Although in some cases this grouping could be obvious or
analytically tractable, it is in principle not easy to compute. One can overcome this problem by using non-negative
factorization models in a supervised manner and explicitly providing cues to the nature of the sources. This involves
learning a dictionary for each target source by using the above model on clean training data that presents that source
in isolation, and then identifying where in a mixture the dictionary elements associated with each source lie. If
our data is not non-negative already, in order to employ a non-negative factorization we need to transform our
inputs to an additive (or approximately additive) non-negative representation. For many kinds of time series such
a domain can be a time-frequency localized energy measure computed via a harmonic decomposition such as the
Gabor transform, a wavelet decomposition, etc. Since most natural signals tend to be sparse in the magnitude or
power these transforms we can often guarantee with high probability that the transform of the sum of two sources
will be equal or approximately equal to the sum of the transforms of the two sources separately, which can satisfy
the additivity constraint. As we show later, depending on the exact NMF model and the representation used, the
additivity assumption can be either a weak or a strong one.
To demonstrate the separation process with a tangible example, let us look at a hydrophone mixture containing
a whale song (target source) and sea clutter (background sources). We represent this mixture using a magnitude
Short-Time Fourier Transform (STFT) which is shown in the lower left plot of figure 2. In order to learn a target
source dictionary we use a clean recording of whale songs (top left plot of figure 2). This is done by analyzing the
matrix containing the STFT representation using any of the models that we detail in the remainder of this article.
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A learned dictionary is shown in the top right plot of the same figure, and as one can see its elements represent
salient spectral features that comprise the whale song recording. We can repeat this process for the sea clutter
source to get components that describe it too. In practice, a few seconds of training data is usually enough to learn
an adequate model of a source, although this can vary depending on the domain and source characteristics we are
dealing with. The number of components per dictionary determines how accurately we want to model the sources,
with more components giving us more expressive power but at the cost of making a dictionary so rich that that it
could describe other sources as well.

Given the approximate additivity assumption and a representative set training data, we can now hypothesize that
the mixture recording will be explained by a linear combination of the elements in the source dictionaries, i.e.
that X ≈ [W1 , W2 ] H will approximately hold, where X contains the magnitude STFT of the mixture and W1
and W2 are the learned left factors from the training data of the two sounds. We thus only need to compute the
matrix H. Given the ability to compute the full NMF model, the estimation of the H matrix can be easily obtained
by fixing [W1 , W2 ] and only updating the estimate for H. Once this is computed we can reconstruct the mixture
using only the dictionary of one source at a time, which will produce in a time-frequency representation of the two
sources separately which can then be inverted back to the time domain. The only assumption that needs to hold at
this point is that the two source dictionaries are sufficiently different from each other so that they do not model the
same elements in the mixture. Although there is no easy way of quantifying the required degree of dissimilarity in
real-world examples, this is a process that works even in cases where the sources are very similar (e.g. two speakers
of the same gender), and by incorporating the ideas in the remainder of this paper we can even separate sources that
share identical dictionaries by making use of their temporal statistics. In this particular case the dictionaries that
characterize the two sources have minimal similarities and result in a very clean separation. The result of extracting
the whale song from the hydrophone mixture is shown in figure 2. The details of this process and its generalization
in the case where we might not have dictionaries for all the sources is described in [3]. This basic approach of
supervised separation has spawned much subsequent research using varying approaches and methodologies, often
seemingly incompatible with each other. In the following sections we will take a closer look at the details of
various formulations of non-negative factorization models, and will show a unified progression of techniques that
spans from the simple static models (such as the ones shown above) to more complex dynamic approaches that
incorporate more temporal information and can produce higher quality results. We will predominantly focus on the
statistical interpretation (and variation) within NMF algorithms and then we will show how these can be extended to
two kinds of useful temporal models: continuous state and discrete state models, which in turn can take advantage
of temporal information to improve the performance of source separation tasks.
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Fig. 2. Extracting a target source from a hydrophone ocean mixture using a non-negative dictionary. The training data in the top left
figure are isolated whale songs used to learn the dictionary shown in the top right figure. Not shown are the equivalent plots for sea clutter
sounds. These dictionaries are then used to extract their respective sources from a mixture that includes them, shown in bottom left plot.
The extracted whale song is shown in the bottom right plot.

II. S TATIC MODELS
A. A probabilistic view of NMF
Traditionally NMF is applied by solving the optimization problem defined by
min D(V|WH) s.t W ≥ 0, H ≥ 0,

W,H

(1)

where V, W and H are non-negative matrices of size F × T , F × K and K × T , respectively. The notation M ≥ 0
denotes elementwise non-negativity of M (and not semidefinite positivity) and D(V|WH) is a separable measure
of fit such that
D(V|WH) =

T
X

D(vt |Wht ).

(2)

t=1

D(x|y) is a divergence between vectors x and y, i.e., a non-negative function of y ∈ RF+ given x ∈ RF+ , with a

single minimum (zero) for x = y. For convenience we will use the same notation D(·|·) to denote the divergence
between vectors or matrices, with the convention that in the matrix case the divergences between columns simply
add up as in Eq. (2). Common divergences used in NMF include the squared Euclidean distance (see in particular
“paper 1” and “paper 2” of this special issue), variants of the Kullback-Leibler (KL) divergence [1], and the ItakuraSaito (IS) divergence [4]. More general families of divergences considered for NMF include alpha-beta [5] and
Bregman divergences [6]. A comprehensive review of divergences and algorithms used for NMF can be found in
[7].
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TABLE I
C OMMON DIVERGENCES AND THEIR CORRESPONDING PROBABILISTIC GENERATIVE MODELS . W E DEFINE v̂t = Wht , WHOSE
COEFFICIENTS ARE DENOTED v̂f t . A LL THREE MODELS VERIFY E[vt |v̂t ] = v̂t .

In many cases divergences are likelihoods in disguise (and are as such sometimes referred to as pseudo-likelihoods)
in the sense that they underlie a probabilistic generative model of the data. The correspondence is such that there
exists a pdf p(V|W, H) that satisfies
− log p(V|WH) = a D(V|WH) + b,

(3)

where a and b are constants wrt WH. Some examples of correspondences are given in Table I. Note that this
correspondence does not automatically imply a coherent generative model for non-negative real-valued data; for
example, although the generalized KL divergence is a valid measure of fit on the whole positive orthant, the
corresponding Poisson likelihood is only a true likelihood on the non-negative integers, and in the large-variance
setting the additive Gaussian model could generate negative data. However, these theoretical issues can usually be
resolved, see, e.g., [8].
In this article we focus on two probabilistic NMF models that have been widely used in source separation,
namely Probabilistic Latent Component Analysis (PLCA, which is closely related to NMF with the KL divergence)
[9] and the Gaussian Composite Model (GCM, which is closely related to NMF with the IS divergence) [4]. A
common feature of these models, shared by the models in Table I as well, is that the conditional expectation
of V is WH (i.e., E [V|WH] = WH), and that the data points are conditionally independent given WH (i.e.,
Q
p(V|WH) = t p(vt |Wht )). These simple factorization models are “static” in the sense that data points (columns
of V) could be exchanged without any effect on the estimates other than a permutation of H. Dynamic, nonexchangeable models will be introduced later in the paper using temporal priors on H.

B. Probabilistic Latent Component Analysis (PLCA)
PLCA is an extension of Probabilistic Latent Semantic Indexing (PLSI) for signal processing applications [9].
PLSI is a method for text analysis based on word counts from documents [10]. In PLCA, the input matrix V is
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a magnitude spectrogram vf t = |xf t |, where xf t is the complex-valued STFT of some time-domain data. PLCA
interprets the entries of each column vt of V as a sort of histogram of independent identically distributed (i.i.d.)
frequency ‘quanta’ f ∈ {1, . . . , F } in each time frame t. The data distribution in PLCA is therefore
vt ∼ Mult(vt | kvt k1 , v̂t ),

where ||v||1 =

P

f

(4)

|vf | is the `1 norm, v̂t = Wht , and Mult(N, p) denotes the multinomial distribution. In PLCA

it is imposed that kwk k1 = kht k1 = 1, which in turn implies that kv̂t k1 = 1. A draw from Mult(N, p) returns
an integer-valued vector of dimension F whose entries sum to N . The f th entry of this vector corresponds to
the number of times event f was sampled in N independent draws from the discrete distribution defined by p.
Although usual inputs in source separation problems are not integer-valued, the negative log-likelihood of the data
and parameters in PLCA provides a valid divergence for non-negative real-valued data. Specifically, under Eq. (4)
and introducing the normalized data v̄t = vt /kvt k1 , the negative log-likelihood is given by
− log p(V|V̂) =

X

kvt k1 DKL (v̄t |v̂t ) + cst,

(5)

t

where ‘cst’ denotes terms constant wrt V̂ and DKL (x|y) =

P

f

xf log(xf /yf ) is the Kullback-Leibler divergence

between discrete distributions. As such, PLCA essentially minimizes a weighted KL divergence between the
normalized input and its factorized approximation, where every data point is given a weight equal to its sum.

C. Itakura-Saito NMF and the Gaussian Composite Model (GCM)
Underlying the Itakura-Saito NMF is a multiplicative noise model of the form vf n = v̂f n . f n , where f n has
a Gamma distribution with expectation one. The resulting data distribution is given in Table I and the negative
log-likelihood is such that
− log p(V|V̂) = α DIS (V|V̂) + cst,

(6)

where DIS (·|·) is the Itakura-Saito divergence defined in Table I.
When α = 1, i.e., when the multiplicative noise has an exponential distribution, the multiplicative noise model
can be related to a generative model of real or complex-valued data coined Gaussian Composite Model (GCM)
[4]. The model is in particular a valid probabilistic model of STFTs. Let xf t be the complex-valued STFT of some
P
time-domain signal. The GCM is defined by xf t = k cf kt and cf kt ∼ Nc (0, wf k hkt ), where Nc (0, λ) refers to
the circular complex Gaussian distribution with zero mean. A random variable has distribution Nc (0, λ) if its real
and imaginary parts are independent centered Gaussian variables with variance λ/2. In other words, the GCM
models the STFT as a sum of uncorrelated centered Gaussian components structured through their variance. The
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variance of the k th component is characterized by the spectral pattern wk , amplitude-modulated in time by the
coefficients {hkt }t . The centered assumption reflects an equivalent assumption in the time domain, which holds
for many signals (in particular audio signals). The latent components cf kt can trivially be marginalized from the
P
generative model, yielding xf t ∼ Nc (0, k wf k hkt ). It follows that the power spectrogram vf t = |xf t |2 of xf t is
P
exponentially distributed with mean v̂f t = k wf k hkt , and can thus be written as a special case of the multiplicative
Gamma model given in Table I with α = 1. Under this model, minimum mean squares estimate (MMSE) of the
components can be obtained by Wiener filtering and given by ĉf kt = [(wf k hkt )/v̂f t ] xf t .

D. Which model to use ?
An important feature of the GCM is that the phase of the original complex-valued data is preserved in the
generative model (though it is modeled in an uninformative way, owing to the circular assumption) rather than
discarded, as in PLCA. Additionally, the additivity assumption holds strongly in the original STFT domain. The
Itakura-Saito divergence turns out to be a scale-invariant measure, i.e., dIS (λx|λy) = dIS (x|y), where x, y and λ
are positive scalars. This makes it well suited to audio spectrograms and their widely varying ranges of magnitudes;
a more detailed discussion is in [4]. In contrast, PLCA will rely more heavily on data vectors with large norms, as
can been seen from the divergence expression in Eq. (5). Whether this is a desirable property or not depends on
the data and specific task. A downside of the IS divergence wrt the weighted KL divergence of PLCA is its lack
of convexity wrt to its second argument, which leads more often to local solutions in practice, as explained in the
next section. PLCA and IS-NMF were benchmarked in [11], for speech separation and audio interpolation tasks.
However, a consensus did not clearly emerge from the experiments as to which method is best and the conclusions
were often data- or task-dependent.

E. Estimation
We now discuss estimation in PLCA and IS-NMF, i.e., the optimization of the objective functions (5) and (6) wrt
to W and H. Like virtually all NMF algorithms, PLCA and IS-NMF rely on a block-coordinate descent structure
that alternates between updating W holding H fixed and updating H holding W fixed. It is easy to see that the
updates of W and H are essentially the same by transposition (V ≈ WH ⇔ VT ≈ HT WT ). Each update can be
carried out by majorization-minimization (MM) [12]. MM consists in upper bounding the objective function with
an auxiliary function that is tight at the current estimate and that can be minimized in closed form. The principle
of MM is illustrated in Fig. 3. Details of the algorithms can be found in [9] for PLCA and in [13] for IS-NMF.
The resulting updates are given in Table II. Their multiplicative structure automatically ensures the non-negativity
of the updates given positive initialization.
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PLCA

It should be pointed out that in every NMF problem the objective function D(V|WH) is not jointly convex wrt
W and H. When the divergence D(x|y) is convex wrt its second argument y, like in PLCA, the problem is at least

convex wrt to H given W and vice versa. However it is never convex wrt both. This means that the block-coordinate
approach may converge to local solutions that will depend on initialization. Some recent work (e.g., [14], [15])
has explored alternate estimation algorithms that avoid formulating NMF as a non-convex optimization and thereby
sidestep the local-optima problem. The guarantees associated with these algorithms are dependent on separability
and/or sparsity assumptions that may be more appropriate for extremely high-dimensional data like document word
counts than for moderately high-dimensional data like audio spectra. However, as shown in [16] separability is not
necessary for uniqueness in NMF, and such a constraint can be too restrictive when using convex formulations.
Regardless, for our purposes, the block-coordinate approach is practical and effective on a wide range of problems,
despite its lack of theoretical guarantees.
So far we have presented a basic version of NMF in which the data is approximated as V ≈ WH without any
structural priors (aside from non-negativity) on either W or H. However, in many cases one is expecting the latent
factors to have a certain structure, such as smoothness or sparsity. As such, a large part of the NMF literature

9

has concentrated on penalized variants of NMF, in which penalty functions of either W or H are added to the
divergence D(V|WH). In our probabilistic setting, this can be viewed as setting prior distributions for the latent
factors. In particular, the next section will review temporal priors p(H) that have been used in the literature. In
most cases, penalized NMF can be handled with MM, by simply adding the penalty term, or a local majorization
of the latter, to the auxiliary function obtained in the static case.

III. DYNAMIC MODELS
Temporal continuity is one of the most important features of time series data. Our aim here is to present some
of the basic as well as advanced ideas to make use of this information by modeling time dependencies in NMF.
These dependencies between consecutive columns of V can be imposed either on the basis matrix W or on the
activations H. The former case is known as the convolutive NMF [17]–[19]. In these approaches, the repeating
patterns within data are represented with multidimensional bases which are not vectors anymore, but functions that
can span an arbitrary number of dimensions (e.g. both frequency and time in examples like the previous one). These
models can be seen as a deterministic way to model temporal dependencies. Although they are useful in extracting
temporal components, they most often result in very structured representations that do not generalize well enough
to be successfully employed for source separation. A more flexible approach for modeling temporal statistics is to
impose constraints on the model activations. Such methods are very much in line with traditional dynamic models
that have been studied extensively in signal processing, and in this section we will turn our attention to these.
Most models considered in the literature are special cases of the general dynamic model given by
ht ∼ p (ht |ht−1 , θ)

(7)

vt ∼ p (vt |Wht ) .

(8)

We assume that Eq. (8) defines a probabilistic NMF observation model such that E [V|WH] = WH. As such, it
may refer to any of the static models discussed in the previous section. Eq. (7) introduces temporal dynamics by
assuming a Markov structure for the activation coefficients. θ denotes the prior parameters. The aim of this section
is to describe the general concepts of dynamic NMF and provide references for specific instantiations related to
given probabilistic NMF models (PLCA, Itakura-Saito NMF, generalized Kullback-Leibler NMF, etc.). Two broad
classes of models are discussed next, continuous and discrete models.

A. Continuous Models
a) Smooth NMF: A straightforward approach to use temporal continuity is to apply some constraints that
reduce fluctuations in each individual row of H. This corresponds to assuming that different rows of H are

10

IEEE SIGNAL PROCESSING MAGAZINE: A UNIFIED VIEW OF STATIC AND DYNAMIC SOURCE SEPARATION USING NMF

independent. In these approaches, the general equation (7) can be written as:
ht ∼

K
Y


p hkt |hk(t−1) , θ .

(9)

k=1



A natural choice for p(hkt |hk(t−1) , θ) is a pdf that either takes its mode at hk(t−1) or is such that E hkt |hk(t−1) , θ =
hk(t−1) . Various papers have dealt with smooth NMF and they typically differ by the choice of observation models

and priors (or in non-probabilistic settings, penalty term) that is used [4], [20]–[27]. Gaussian priors (or equivalently,
squared differences) of the form p(hkt |hk(t−1) ) = N (hkt |hk(t−1) , σ 2 ) are used in [20], [21], [26]. Nonnegativitypreserving Gamma or inverse-Gamma Markov chains are considered in [4], [23], [25], [27]–[30] and MRFs in
[31].

b) Non-negative state-space models: Smooth NMF does not capture the full extent of frame-to-frame
dependencies in its input. In practice we will observe various temporal correlations between adjacent time frames
which will be more nuanced than the continuity that smooth NMF implies. In other words, there is correlation
both within (smoothness) and between (transitions) the time frames of the coefficients of H. For real-valued time
series, this type of structure can be handled with the classical linear dynamical system, using dynamics of the form
ht = Aht−1 + t , where t is a centered Gaussian innovation. This model is not natural in the NMF setting because

it may not maintain non-negativity in the activations. However it is possible to design alternative dynamic models
that maintain non-negativity while preserving
E [ht |Aht−1 ] = Aht−1 .

(10)

The statistical models considered in the previous section “Static models” are good candidates by exchanging vt
for ht and v̂t for ht−1 . Following that idea, a non-negative dynamical system (NDS) with multiplicative Gamma
innovations was proposed in [32], in conjunction with multiplicative Gamma noise for the observation (IS-NMF
model). Note that in the case of the Gaussian linear dynamical system, integration of the activation coefficients from
the joint likelihood p(V, H|W) is feasible using the Kalman filter. Such computations are unfortunately intractable
with NDS, and a MAP approach based on a MM algorithm is pursued in [32].

Dynamic filtering of the activation coefficients in the PLCA model has also been considered [33], [34], where
the proposed algorithms use Kalman-like prediction strategies. The technique in [34] considers a more general
P
multi-step predictor such that ht ≈ j Aj ht−j , and describes an approach for both the smoothing (which relies
on both past and future data) and causal filtering (which relies only on the past data) problems.
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B. Discrete models
Time series data often has hidden structure in which each time frame corresponds to a discrete hidden state qt .
Moreover, there is typically a relationship between the hidden states at different time frames, in the form of temporal
dynamics. For example, each time frame of a speech signal corresponds to a subunit of speech such as a phoneme,
which can be modeled as a distinct state. The subunits evolve over time as governed by temporal dynamics. Hidden
Markov Models (HMMs) [35] have been used extensively to model such data. They model temporal dynamics with
a transition matrix defined by the distribution p(qt |qt−1 ). There has been a recent thread of literature [36]–[40] that
combines these ideas with NMF to model non-negative data with such structure.
The notion of a state is incorporated in the NMF framework by associating distinct dictionary elements with each
state. This is done by allowing each state to determine a different support of the activations, which we express with
the distribution p(ht |qt ). This is to say that given a state, the model allows only certain dictionary elements to be
active. Some techniques [36], [39] define the support of each state to be a single dictionary element, while other
techniques [37], [38], [40], called non-negative HMMs (N-HMMs), allow the support of each state to be a number
of dictionary elements. Since only a subset of the dictionary elements are active at each time frame (as determined
by the state at that time frame), we can interpret these models as imposing block sparsity on the dictionary elements
[41].
As in (7), there is a dependency between ht and ht−1 . However, unlike the continuous models, this dependency is
only through the hidden states, which are in turn related through the temporal dynamics. Therefore ht is conditionally
independent of ht−1 given qt or qt−1 . In the case of discrete models, we can therefore replace Eq. (7) with
qt ∼ p (qt | qt−1 ) ,

(11)

ht ∼ p (ht | qt ) .

(12)

Since these models incorporate an HMM structure into an NMF framework, one can make use of the vast theory
of Markov chains to extend these models in various ways. For example, one can incorporate high level knowledge
of a particular class of signals into the model, use higher order Markov chains, or use various natural language
processing techniques. Language models were recently incorporated in this framework [42] as typically done in
the speech recognition literature [35]. Similarly, one can incorporate other types of temporal structure like music
theory rules when dealing with music signals.
The above techniques discuss how to model a single source using an HMM structure. However, in order to
perform source separation, we need to model mixtures. This is typically done by combining the individual source
models into a factorial HMM [28], [36]–[38], [40], which allows each source to be governed by a distinct pattern
of temporal dynamics. One issue with this strategy is that the computational complexity of inference is exponential
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in the number of sources. This can be circumvented using approximate inference techniques such as variational
inference [43], which makes the complexity linear in the number of sources.

C. The use of dynamic models in source separation
In order to demonstrate the utility of dynamic models in context, we will once again use a real-world source
separation example. This time it will be an acoustic mixture of speech mixed with background noise from a factory
(using the TIMIT and NOISEX-92 databases). The mixture is shown using a magnitude STFT representation in
figure 4. This particular case is interesting because of the statistics of speech. We note that human speech tends to
have a smooth acoustic trajectory which means that there is a strong temporal correlation between adjacent time
frames. On the other hand, we also know that speech has a strong discrete hidden structure which is associated
with the sequence of spoken phonemes. These properties make this example a good candidate for demonstrating
the differences between the methods discussed so far and their effects on source separation.
We performed source separation using the three main approaches that we covered in this paper. These include a
static PLCA model [44], a dynamic PLCA model [34] and an N-HMM [37]. In all three cases, we trained a model
for speech and a model for background noise form training data. The dictionary size for the noise was fixed to 30
elements, whereas the speech model had 60 dictionary elements for PLCA and dynamic PLCA, and 40 states with
10 dictionary elements each for the N-HMM. For the dynamic models, we learned the temporal statistics as well.
In order to separate a mixture of test data of the sources, we fixed the learned W matrices for both the speech and
noise models and estimated their respective activations H using the context of each model. In figure 4, we show
the reconstruction of speech using each model. We also show a set of objective metrics that evaluate the quality of
separation in each case. These include the Source to Distortion Ratio (SDR), the Source to Interference Ratio (SIR)
and the Source to Artifacts Ratio (SAR) as defined in [45]. These results are averaged over 20 different speakers
to reduce biasing and initialization effects.
For the static PLCA model, we see that there is a detectable amount of visible suppression of the background
noise, which amounts to a modest SIR of about 5dB. The dynamic PLCA model on the other hand, by taking
advantage of the temporal statistics of speech, does a much better job resulting in more than double the SIR. Note
however that in the process of adhering to the expected statistics, it introduces artifacts, which result in a lower SAR
as compared to the static model. The N-HMM results in an even higher SIR and a better SAR than the dynamic
PLCA model. This is because the specific signal we are modeling has a temporal structure that is well described
by a discrete dynamic model as we transition from phoneme to phoneme. By constraining our model to only use a
small dictionary at each discrete state, we obtain a cleaner estimate of the source. An example of that can be seen
when comparing the separation results in figure 4, where unwanted artifacts between the harmonics of speech in
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Fig. 4. Example of dynamic models for source separation. The four spectrograms show the mixture, and the extracted speech for three
different approaches. The bar plots shows a quantitative evaluation of the separation performance of each approach.

the dynamic PLCA example are not present in the N-HMM example since the dictionary elements within a state
cannot produce such complex spectra.
D. Which model to use?
Now in addition to pondering on which cost function is the most appropriate to employ, we also have a decision
to make on which model is best for a source separation approach. As always the answer depends on the nature of
the sources in the mixture. In general the static model has found success in a variety of areas, but does not take
advantage of temporal correlations. In domains where we do not expect a high degree of correlations across time
(e.g. short burst-like sources) this model works well, but in cases where we expect a strong sense of continuity (e.g.
a smooth source like a whale song), then a continuous dynamic model would work better. Furthermore, if we know
that a source exhibits a behavior of switching through different states, each with its own unique character (e.g.
speech), then a model like the N-HMM is more appropriate since it will eliminate the concurrent use of elements
that belong at different states and produce a more plausible reconstruction. Of course by using the generalized
formulation we use in this article, there is nothing that limits us from employing different models concurrently. It
is entirely plausible to design a source separation system where one source is modeled by a static model and other
by a dynamic one, or even have both being described by different kinds of dynamic models. Doing so usually
requires a relatively straightforward application of the estimation process that we outlined earlier.
IV. C LOSING THOUGHTS
In this article we presented a unifying look at source separation approaches that employ non-negative
factorizations, and showed how they can be easily extended to temporal models that are either continuous or
discrete. Using this methodology one can come up with many more alternative formulations, e.g. factorial HMMs,
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switching models, etc. and incorporate even more complex priors in order to better model sources in mixtures.
We hope that by presenting this streamlined formulation we can help our readers to experiment with other of the
many possibilities in formulating dynamic source separation algorithms and to help highlight relationships between
a family of approaches that can initially seem divergent despite their common roots.
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